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Abstract. The generalized eigenproblem is of significant importance in several fields. Generalized
eigenproblems can be very large with matrices of order greater than one million for problems arising
from three-dimensional finite element models. To solve such problems we are proposing a flexible software
system for parallel distributed memory architectures. This software is based on the Lanczos algorithm with
a shift-and-invert transformation. In this paper we briefly describe the prototype version of the software,
present computational results, and indicate the status of the project.

1. Introduction. The solution of the symmetric generalized eigenvalue problem,
(1) Kz =AMz,

where K and M are real, symmetric matrices, and either K or M is positive semi-definite,
is of significant practical importance, especially in structural engineering as the vibration
problem and the buckling problem [1]. The matrices K and M are either banded or sparse.
Usually m << n of the smallest eigenvalues of Fquation 1 are sought, where n is the order
of the system. The method of Lanczos [9], suitably altered for the generalized eigenvalue
problem, has been shown to be useful for the efficient solution of Equation 1 [10].

The Lanczos algorithm for the generalized eigenproblem [10] has been shown to be
effective on vector supercomputers and shared-memory parallel computers [5]. An effective
software package, LANZ [4], for shared-memory parallel computers has been developed
and is available from netlib. However, the LANZ software is not suitable for distributed-
memory architectures such as the Intel DELTA, the Thinking Machines CM-5, and the
IBM SP-1. The LANYZ software uses a shared-memory model of computation that is not
suitable for such architectures. Also, the linear system solution methods in LANZ are
only appropriate for a small number of tightly-coupled processors (< 20) [5] [6].

In this paper we will discuss our plans for scalable software, provide brief prototype
results, and give the current status of the software.

2. Distributed-Memory Software. The basic algorithm in the software is the
block Lanczos algorithm with a spectral transformation as described in [3]. The reader is
referred to [3] for a complete description of the algorithm. The majority of the parallel
computation/communication in this algorithm occurs in the solution of a linear system,

(2) (K —oM)z =0b,
and a matrix multiplication,
(3) Mz =0b.

The block variant of the Lanczos algorithm is chosen because it not only allows easy compu-
tation of eigenvalues of multiplicity up to the blocksize, but also improves the communica-
tion to computation ratio of a parallel implementation. The ratio is improved because the
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block algorithm allows the inner products to take place as matrix-matrix operations and,
more importantly, the operations in Equations 2 and 3 to be implemented using multiple
right-hand sides. This core Lanczos algorithm is implemented in a reverse-communication
style; this allows flexibility in implementing different approaches for Equations 2 and 3.

The class of architectures targeted for the software has from 20 to 1000 RISC proces-
sors. Each processor has its own memory and processors communicate via message passing.
The communication rate is expected to be slow relative to the computation rate. Little
consideration will be given to the topology; for example, the software will not be tailored
to a hypercube architecture. The goal is to have a scalable algorithm /implementation,
where for a fixed problem size per processor, the computation rate per node is constant
and the memory requirements per node are constant.

The eigensolution will take place as part of a larger computation occurring on the
parallel computer. In particular, the software is written under the assumption that the
matrix has been partitioned and mapped in a “good” fashion onto the processors and that
this partitioning and mapping will not be changed by the eigensolver. For example, if the
underlying domain from which the matrix was generated was a spatial discretization of a
PDE being solved with the finite element method, it is expected that a good partitioning
and mapping already exists to allow efficient evaluation and assembly of the stiffness
matrix. If such a partitioning has not been done, many algorithms and some software
currently exist for this problem (see, for example, [11] [13]).

The most difficult part of the eigensolution to parallelize, as well as the most com-
putationally expensive, is the solution of Equation 2. For this computation at least two
options are planned. First, a preliminary interface to the iterative methods in the Block-
Solve package [7] has been constructed. This package provides portable, parallel software
for the conjugate gradient method preconditioned by incomplete factorization; the par-
allelism is obtained by employing a parallel graph coloring heuristic [8]. The interface
to this package is relatively straightforward, but poor convergence can result when o in
Equation 2 is large relative to the smallest eigenvalue in Equation 1. This difficulty must
be addressed.

Also planned is an interface to the parallel direct sparse factorization methods in the
CAPSS package [12]. This package provides a parallel implementation of sparse Cholesky
factorization. When o is larger than the smallest eigenvalue in Equation 1, one could, at
the risk of a loss of stability, use the LDLT decomposition. To the best of the authors’
knowledge, no general, numerically stable software for distributed memory architectures
exists for sparse indefinite factorization. The interface to the CAPSS package is more
difficult than to BlockSolve as one must address issues related to the suitability of the
existing partitioning/mapping for sparse direct factorization.

3. Some Experimental Results. Using a prototype version of the core, reverse
communication software combined with BlockSolve, the following results were obtained
on the Intel DELTA for a practical vibration problem arising from a finite element model

[2]:

P n nnz Mflops/ | Total
Proc. | Mflops

64 | 7.7x 10* | 1.6 x 107 | 4.88 312
128 | 1.6 x 10° | 3.4 x 10" | 5.00 640
256 | 3.2 x 10° | 6.8 x 107 | 4.87 1247
512 | 6.4 x 10° | 1.4 x 108 | 4.97 2545




Note that the problem size per processor is fixed as the number of processors varies. From
the results one can see that, as desired, the computation rate per processor remained
constant. In addition, note that the memory requirements per processor also remained
constant.

4. Current Status. We currently have a portable, stable, but undocumented version
of the core, reverse communication block Lanczos software running on distributed memory
architectures. Additional testing must be performed on this software prior to release. A
preliminary interface to BlockSolve is completed, but the interface to CAPSS remains to
be worked out. In short we believe that we have a software plan that, based on prototype
results, will result in scalable software that is of use to a large user community.
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