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The Smagorinsky model (14) is one of the most popular LES models. This 
lassi
al eddy-vis
osity model is, however, purely dissipative and 
annot predi
t ba
ks
atter. To in
ludeba
ks
atter, the Smagorinsky model is usually used in the dynami
al framework. This ap-proa
h may, however, lead to numeri
al instabilities.A few LES models introdu
e ba
ks
atter in a natural way. This paper presents a numeri
alinvestigation of ba
ks
atter in two su
h LES models (the rational and the gradient LESmodels) applied to the numeri
al simulation of turbulent 
hannel 
ows at Re� = 180 andRe� = 395.2 Mathemati
al and Numeri
al SettingThe usual LES starts by 
onvolving the Navier-Stokes equations (NSEs) with a spatial �ltergÆ. Assuming that di�erentiation and 
onvolution 
ommute, the �ltered NSEs read as follows:ut +r � (uu)�Re�1�u+rp = f ; (1)where Æ is the �lter width and u = gÆ � u is the variable of interest. The �ltered NSEs (1)do not form a 
losed system, and a 
onsiderable resear
h e�ort in LES has been dire
ted atmodeling the stress� = uu� u u: (2)As mentioned by Carati et al. (2), this stress 
onsists of a �ltered-s
ale stress tensor, mainlydue to �ltering, and a subgrid-s
ale (SGS) stress tensor, mainly due to dis
retization. Oneway of approximating the �ltered-s
ale stress tensor is by using a Taylor series expansionin the wave number spa
e to represent the unknown full velo
ity in terms of the �lteredvelo
ity. This approa
h was �rst used in (11), and later in (3). The resulting model, 
alledthe gradient, nonlinear, or tensor-di�usivity model, was used in numerous studies (11), (3),(2), (15):� = uu� u u � Æ22
ruru; where (ruru)i;j = dXl=1 �ui�xl �uj�xl : (3)Noti
ing that the approximation by Taylor series of 
gÆ a
tually in
reases the high wave num-ber 
omponents, Galdi and Layton (6) developed a new LES model based on a rational ((0,1)Pad�e) approximation of 
gÆ, whi
h preserves the de
ay of the high wave number 
omponents.2



The resulting LES model, 
alled the rational LES (RLES) model, reads as follows:� = 24 � Æ24
�+ I!�1  Æ22
ruru!35 : (4)The inverse operator in (4) a
ts as a smoothing operator and represents the approximationof the 
onvolution by the Gaussian �lter in the stress tensor � in (2).The mathemati
al analysis asso
iated with the RLES model (4) was presented in (1). The�rst steps in the numeri
al analysis and validation of the RLES model (4) were made in (9)and (10), respe
tively.In (8), we 
ompared the RLES model (4) with the gradient model (3) in 3D 
hannel 
owsimulations at Reynolds numbers based on the wall shear velo
ityRe� = 180 and Re� = 395.In our numeri
al simulations we used a spe
tral element 
ode.For this paper, we 
olle
ted statisti
s for the SGS dissipation, the forward and ba
ks
atterfor the RLES model (4), and the gradient model (3) in 
hannel 
ow simulations at Re� = 180and Re� = 395. We started with �eld �les 
orresponding to LES simulations in (8), whi
hhad already rea
hed a statisti
ally steady state. We then integrated the 
ow further in timeand 
olle
ted statisti
s for the above three quantities, whi
h were averaged over time andhomogeneous dire
tions (streamwise and spanwise.) All three statisti
s were normalized byu3� , where u� is the 
omputed wall-shear velo
ity, whi
h was found to be within 1%� 2% ofthe nominal value.The model subgrid-s
ale dissipation was 
omputed as�SGS := �ij Sij; (5)where Sij = 12 ��ui�xj + �uj�xi � represents the large-s
ale strain-rate tensor.The model subgrid-s
ale dissipation �SGS represents the energy transfer between the resolvedand the unresolved (sub�lter-s
ale) s
ales. If �SGS is negative, energy is transferred from larges
ales to small s
ales (forward s
atter); if �SGS is positive, energy is transferred from smalls
ales to large s
ales (ba
ks
atter). We denote the forward s
atter by �+ = 12(�SGS + j�SGS j)and the ba
ks
atter by �� = 12(�SGS � j�SGS j).3



3 Numeri
al ResultsIn the Re� = 180 
ase, the model subgrid-s
ale dissipation �SGS in Figure 1 shows the 
orre
tbehavior for the RLES model (4): the forward s
atter is dominant throughout the 
hannel,with a peak near the wall. This behavior 
an be noti
ed in the DNS results in (4) (Figure8a, p. 2159.)The 
orre
t �SGS is quite 
hallenging to 
apture in LES: The velo
ity estimation model in (4)(Figure 8a, p. 2159) underpredi
ts the 
orre
t peak value of �SGS . The variational multis
aleapproa
h in (7) underpredi
ts signi�
antly the 
orre
t peak value for �SGS (Figure 14, p.1791.) The �SGS 
orresponding to the RLES model in Figure 1 performs better than bothprevious methods; the RLES model a
tually performs similarly to the 
lassi
al eddy-vis
ositymodels (the Smagorinsky model in (4) and the Smagorinsky model with Van Driest dampingin (7).) This is quite remarkable for a non eddy-vis
osity model su
h as the RLES model,whi
h introdu
es signi�
ant amount of ba
ks
atter.The gradient model (3) has an in
orre
t behavior: It starts with a huge amount of ba
ks
atternear the wall and then rea
hes the peak value of forward s
atter away from the 
orre
tlo
ation (4).The forward and ba
ks
atter in Figure 1 illustrate the smoothing 
hara
ter of the inverse�ltering in the RLES model (4): the \spikes" 
orresponding to the gradient model are dampedin the RLES model. This pro
ess has a positive e�e
t on the numeri
al stability of the RLESmodel. The huge amount of forward and ba
ks
atter introdu
ed by the gradient model in thenear-wall region is responsible for the unstable behavior in wall-bounded 
ow simulations(15).For both LES models, the ba
ks
atter and the forward s
atter 
ontributions to the SGSdissipation were 
omparable, and ea
h was mu
h larger than the total SGS dissipation. Thisbehavior was also noti
ed in (12).In the Re� = 395 
ase, the SGS dissipation 
orresponding to the RLES model (4) in Figure2 is mu
h less than that for the gradient model (3); the latter seems exaggerated for thisReynolds number. The forward and ba
ks
atter for the RLES model are, however, largerthan those for the gradient model. This fa
t does not 
ontradi
t the observation about theSGS dissipation, sin
e �SGS is the sum of the forward and ba
ks
atter. We also need to keepin mind that, although both LES models are started from the same initial 
onditions, the
orresponding 
ows are evolved in time di�erently. Thus, in the numeri
al simulations, theSFS stress tensor � in the RLES model is not simply the inverse operator in (4) applied tothe SFS stress tensor � in the gradient model.4



As in the Re� = 180 
ase, for both LES models the ba
ks
atter and the forward s
atter
ontributions were 
omparable, and ea
h was mu
h larger than the total SGS dissipation(12).We note that the RLES model is more stable numeri
ally than the gradient model. A
tually,the gradient model (3) blew up a few hundred time steps after we stopped 
olle
ting statisti
s.This unstable behavior has been observed in similar 
al
ulations in (15). There, as a remedyad ho
 wall-damping fun
tions were used.We also note the unphysi
al spikes 
orresponding to the gradient model (3) in all threequantities monitored: �SGS , ��, and �+. These spikes are lo
ated exa
tly at the interfa
esbetween adja
ent spe
tral elements. This behavior is natural, sin
e the SGS tensor � for thegradient model (3) 
ontains produ
ts of gradients of the 
omputed velo
ity (see (3)). TheRLES model, on the other hand, smoothes out these spikes through its inverse operator; thissmoothing makes the RLES model more stable numeri
ally. Further investigation of theseissues is ne
essary.4 Con
lusionsWe applied the RLES model (4) and the gradient model (3) in the numeri
al simulation ofturbulent 
hannel 
ows at Re� = 180 and Re� = 395. We gathered statisti
s for the modelSGS dissipation, the forward s
atter, and the ba
ks
atter. In the Re� = 180 
ase, the RLESmodel (4) yielded mu
h improved results, 
loser to the DNS results in (4). The gradient modelintrodu
ed an unphysi
al amount of ba
ks
atter near the wall, whi
h made the 
omputationsmore unstable. In the Re� = 395 
ase, the RLES model's SGS dissipation was 
loser to arealisti
 value. The SGS dissipation for the gradient model seemed unrealisti
ally high. Theamount of forward and ba
ks
atter was, however, higher for the RLES model. Despite this,the gradient model (3) was more unstable numeri
ally, as reported in (15). This issue deservesfurther investigation.Both the RLES and the gradient models introdu
e ba
ks
atter in a natural way. The gradientmodel is unstable in numeri
al simulations. On the 
ontrary, the RLES model, through thea
tion of its smoothing �lter, makes the 
omputations mu
h more stable; it 
an run forthousands of time steps without additional numeri
al stabilization pro
edures.A
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Fig. 1. Re� = 180, the RLES model (4) and the gradient model (3): SGS dissipation (top); forwards
atter (bottom, left); ba
ks
atter (bottom, right).7
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Fig. 2. Re� = 395, the RLES model (4) and the gradient model (3): SGS dissipation (top); forwards
atter (bottom, left); ba
ks
atter (bottom, right).8


