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The Smagorinsky model (14) is one of the most popular LES models. This lassial eddy-visosity model is, however, purely dissipative and annot predit baksatter. To inludebaksatter, the Smagorinsky model is usually used in the dynamial framework. This ap-proah may, however, lead to numerial instabilities.A few LES models introdue baksatter in a natural way. This paper presents a numerialinvestigation of baksatter in two suh LES models (the rational and the gradient LESmodels) applied to the numerial simulation of turbulent hannel ows at Re� = 180 andRe� = 395.2 Mathematial and Numerial SettingThe usual LES starts by onvolving the Navier-Stokes equations (NSEs) with a spatial �ltergÆ. Assuming that di�erentiation and onvolution ommute, the �ltered NSEs read as follows:ut +r � (uu)�Re�1�u+rp = f ; (1)where Æ is the �lter width and u = gÆ � u is the variable of interest. The �ltered NSEs (1)do not form a losed system, and a onsiderable researh e�ort in LES has been direted atmodeling the stress� = uu� u u: (2)As mentioned by Carati et al. (2), this stress onsists of a �ltered-sale stress tensor, mainlydue to �ltering, and a subgrid-sale (SGS) stress tensor, mainly due to disretization. Oneway of approximating the �ltered-sale stress tensor is by using a Taylor series expansionin the wave number spae to represent the unknown full veloity in terms of the �lteredveloity. This approah was �rst used in (11), and later in (3). The resulting model, alledthe gradient, nonlinear, or tensor-di�usivity model, was used in numerous studies (11), (3),(2), (15):� = uu� u u � Æ22ruru; where (ruru)i;j = dXl=1 �ui�xl �uj�xl : (3)Notiing that the approximation by Taylor series of gÆ atually inreases the high wave num-ber omponents, Galdi and Layton (6) developed a new LES model based on a rational ((0,1)Pad�e) approximation of gÆ, whih preserves the deay of the high wave number omponents.2



The resulting LES model, alled the rational LES (RLES) model, reads as follows:� = 24 � Æ24�+ I!�1  Æ22ruru!35 : (4)The inverse operator in (4) ats as a smoothing operator and represents the approximationof the onvolution by the Gaussian �lter in the stress tensor � in (2).The mathematial analysis assoiated with the RLES model (4) was presented in (1). The�rst steps in the numerial analysis and validation of the RLES model (4) were made in (9)and (10), respetively.In (8), we ompared the RLES model (4) with the gradient model (3) in 3D hannel owsimulations at Reynolds numbers based on the wall shear veloityRe� = 180 and Re� = 395.In our numerial simulations we used a spetral element ode.For this paper, we olleted statistis for the SGS dissipation, the forward and baksatterfor the RLES model (4), and the gradient model (3) in hannel ow simulations at Re� = 180and Re� = 395. We started with �eld �les orresponding to LES simulations in (8), whihhad already reahed a statistially steady state. We then integrated the ow further in timeand olleted statistis for the above three quantities, whih were averaged over time andhomogeneous diretions (streamwise and spanwise.) All three statistis were normalized byu3� , where u� is the omputed wall-shear veloity, whih was found to be within 1%� 2% ofthe nominal value.The model subgrid-sale dissipation was omputed as�SGS := �ij Sij; (5)where Sij = 12 ��ui�xj + �uj�xi � represents the large-sale strain-rate tensor.The model subgrid-sale dissipation �SGS represents the energy transfer between the resolvedand the unresolved (sub�lter-sale) sales. If �SGS is negative, energy is transferred from largesales to small sales (forward satter); if �SGS is positive, energy is transferred from smallsales to large sales (baksatter). We denote the forward satter by �+ = 12(�SGS + j�SGS j)and the baksatter by �� = 12(�SGS � j�SGS j).3



3 Numerial ResultsIn the Re� = 180 ase, the model subgrid-sale dissipation �SGS in Figure 1 shows the orretbehavior for the RLES model (4): the forward satter is dominant throughout the hannel,with a peak near the wall. This behavior an be notied in the DNS results in (4) (Figure8a, p. 2159.)The orret �SGS is quite hallenging to apture in LES: The veloity estimation model in (4)(Figure 8a, p. 2159) underpredits the orret peak value of �SGS . The variational multisaleapproah in (7) underpredits signi�antly the orret peak value for �SGS (Figure 14, p.1791.) The �SGS orresponding to the RLES model in Figure 1 performs better than bothprevious methods; the RLES model atually performs similarly to the lassial eddy-visositymodels (the Smagorinsky model in (4) and the Smagorinsky model with Van Driest dampingin (7).) This is quite remarkable for a non eddy-visosity model suh as the RLES model,whih introdues signi�ant amount of baksatter.The gradient model (3) has an inorret behavior: It starts with a huge amount of baksatternear the wall and then reahes the peak value of forward satter away from the orretloation (4).The forward and baksatter in Figure 1 illustrate the smoothing harater of the inverse�ltering in the RLES model (4): the \spikes" orresponding to the gradient model are dampedin the RLES model. This proess has a positive e�et on the numerial stability of the RLESmodel. The huge amount of forward and baksatter introdued by the gradient model in thenear-wall region is responsible for the unstable behavior in wall-bounded ow simulations(15).For both LES models, the baksatter and the forward satter ontributions to the SGSdissipation were omparable, and eah was muh larger than the total SGS dissipation. Thisbehavior was also notied in (12).In the Re� = 395 ase, the SGS dissipation orresponding to the RLES model (4) in Figure2 is muh less than that for the gradient model (3); the latter seems exaggerated for thisReynolds number. The forward and baksatter for the RLES model are, however, largerthan those for the gradient model. This fat does not ontradit the observation about theSGS dissipation, sine �SGS is the sum of the forward and baksatter. We also need to keepin mind that, although both LES models are started from the same initial onditions, theorresponding ows are evolved in time di�erently. Thus, in the numerial simulations, theSFS stress tensor � in the RLES model is not simply the inverse operator in (4) applied tothe SFS stress tensor � in the gradient model.4



As in the Re� = 180 ase, for both LES models the baksatter and the forward satterontributions were omparable, and eah was muh larger than the total SGS dissipation(12).We note that the RLES model is more stable numerially than the gradient model. Atually,the gradient model (3) blew up a few hundred time steps after we stopped olleting statistis.This unstable behavior has been observed in similar alulations in (15). There, as a remedyad ho wall-damping funtions were used.We also note the unphysial spikes orresponding to the gradient model (3) in all threequantities monitored: �SGS , ��, and �+. These spikes are loated exatly at the interfaesbetween adjaent spetral elements. This behavior is natural, sine the SGS tensor � for thegradient model (3) ontains produts of gradients of the omputed veloity (see (3)). TheRLES model, on the other hand, smoothes out these spikes through its inverse operator; thissmoothing makes the RLES model more stable numerially. Further investigation of theseissues is neessary.4 ConlusionsWe applied the RLES model (4) and the gradient model (3) in the numerial simulation ofturbulent hannel ows at Re� = 180 and Re� = 395. We gathered statistis for the modelSGS dissipation, the forward satter, and the baksatter. In the Re� = 180 ase, the RLESmodel (4) yielded muh improved results, loser to the DNS results in (4). The gradient modelintrodued an unphysial amount of baksatter near the wall, whih made the omputationsmore unstable. In the Re� = 395 ase, the RLES model's SGS dissipation was loser to arealisti value. The SGS dissipation for the gradient model seemed unrealistially high. Theamount of forward and baksatter was, however, higher for the RLES model. Despite this,the gradient model (3) was more unstable numerially, as reported in (15). This issue deservesfurther investigation.Both the RLES and the gradient models introdue baksatter in a natural way. The gradientmodel is unstable in numerial simulations. On the ontrary, the RLES model, through theation of its smoothing �lter, makes the omputations muh more stable; it an run forthousands of time steps without additional numerial stabilization proedures.Aknowledgments. This work was supported in part by the Mathematial, Informa-tion, and Computational Sienes Division subprogram of the OÆe of Advaned Sienti�Computing Researh, U.S. Dept. of Energy, under Contrat W-31-109-Eng-38.5
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Fig. 1. Re� = 180, the RLES model (4) and the gradient model (3): SGS dissipation (top); forwardsatter (bottom, left); baksatter (bottom, right).7
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Fig. 2. Re� = 395, the RLES model (4) and the gradient model (3): SGS dissipation (top); forwardsatter (bottom, left); baksatter (bottom, right).8


